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ANTON KHOROSHKIN AND PEDRO TAMAROFF
Abstract
Wepropose a newgeneral formalism that allows us to study Poincaré–Birkhoff–
Witt type phenomena for universal enveloping algebras in the differential graded
context. Using it, we prove a homotopy invariant version of the classical Poincaré–
Birkhoff–Witt theorem for universal envelopes of Lie algebras. In particular, our
results imply that all the previously known constructions of universal envelopes
of L∞-algebras (due to Baranovsky, Lada andMarkl, andMoreno-Fernández) rep-
resent the same object of the homotopy category of differential graded associ-
ative algebras. We also extend Quillen’s classical quasi-isomorphism C −! BU
from differential graded Lie algebras to L∞-algebras; this confirms a conjecture of
Moreno-Fernández.
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2 DERIVED PBW THEOREMS
Introduction
It is a classical result going back to Poincaré, Birkhoff and Witt that, over a field of
characteristic zero, the universal enveloping algebra U (g) of a Lie algebra g is iso-
morphic, as a vector space, to the symmetric algebra S(g) on g. One can, in fact,
extend without changes the definition of the functorU to the category of dg Lie al-
gebras, and a consequence of the PBW theorem is that for any dg Lie algebra we have
a natural isomorphismUH(g)−!HU (g). This result implies that the underlying ho-
mology group of the universal envelope of a dg Lie algebra does not depend on the
Lie algebra structure of g but only on the homology group H(g), and that this functor
descends to the homotopy category of dg Lie algebras. This category can bemodeled
through minimal L∞-algebras and their morphisms up to L∞-quasi-isomorphism
and, similarly, the homotopy category of dga algebras can be modeled through min-
imal A∞-algebras and their morphisms up to A∞-quasi-isomorphism, so it is reas-
onable to consider the problem of finding a functor at the level of L∞-algebras rep-
resentingU on the homotopy category.
This program has been carried out by V. Baranosvky [2] and later by J. Moreno-
Fernandez [24], and their results imply that to every minimal L∞-algebra one can
assign a “universal enveloping” minimal A∞-algebra Υ(g) that enjoys many proper-
ties similar to those of the classical universal enveloping algebra functor.
its underlying vector space is the symmetric algebra S(g), independently of the
L∞-structure of g,
there exists a Quillen type A∞-quasi-isomorphism ΩC (g) −! Υ(g) (so the al-
gebraΥ(g) does have the correct homotopy type),
the canonical inclusion g −! Υ(g) is a strict L∞-morphism: the antisymmet-
rized higher multiplicationmaps onΥ(g) restrict to the higher brackets of g.
One of the goals of this paper is to explain, using the methods of V. Dotsenko and
second author, introduced in [11] and suitably extended to the dg setting, that the
results of [2] and [24] both follow from a derived version of the classical Poincaré-
Birkhoff-Witt theorem for Lie algebras. To accomplish this, we study, through the the-
ory of operads, the Lada–Markl functor that assigns to an A∞-algebra the L∞-algebra
obtained by antisymmetrising all the product operations. As in the non-dg case, this
functor has a left adjoint, and we prove it satisfies a derived Poincaré–Birkhoff–Witt
theorem. Our main result implies the following; here U (g) denotes the left adjoint
above, whileUH(g) is the universal envelope of the Lie algebra H(g):
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Theorem. For every minimal L∞-algebra g:
(1) there is an isomorphism between the symmetric algebra S(g) and the homology
HU (g) of the A∞-universal envelope U (g). This isomorphism is natural with re-
spect to strict L∞-morphisms.
(2) S(g) can be endowedwith aminimal A∞-algebra structure A∞-quasi-isomorphic
toU (g) so that the inclusion g−! S(g) is a strict map of L∞-algebras. Î
From this theorem, we deduce the three proposed models for universal envelopes
of L∞-algebras are, up to homotopy, one and the same. This means, in particular,
that the two existing tentativemodels for universal envelopes are in factmodels. This
follows from the following:
Corollary. Let g be a minimal L∞-algebra. Every minimal A∞-algebra structure on
S(g) forwhich the restriction of the antisymmetrized structure operations coincidewith
the operations of g is A∞-quasi-isomorphic to U (g). Thus, the models of Baranovsky
and Moreno-Fernandez are A∞-isomorphic, and A∞-quasi-isomorphic toU (g). Î
For a final application, consider an L∞-algebra g. Then C (g) is a commutative dgc
coalgebra, where C is the Quillen construction on g. SinceU (g) is an A∞-algebra, it
is natural to compare C (g) to BU (g), which is a (non-commutative) dgc coalgebra.
This result was conjectured in [24].
Corollary. There is an acyclic cofibration C (g) −! BU (g) of dgc coalgebras natural
with respect to strict L∞-morphisms. Moreover, for any minimal L∞-algebra g, there
are acyclic cofibrations C (g) −! BS(g). In particular, BU (g) always admits a com-
mutative model. Î
Structure. The paper is organised as follows. In Section (1) we prove our main
theorem relating almost-free and derived PBW morphisms between dg operads. We
then use it in Section (2) to show that the map from the homotopy Lie operad to the
homotopy associative operad is derived PBW and deduce from this several results
on universal envelopes of L∞-algebras, which recover results from Baranovsky and
Moreno-Fernandez, and extend the Quillen quasi-isomorphism C −! BU to L∞-
algebras. We also apply our main theorem to show associative universal envelopes
satisfy the derived PBW property as soon as they are PBW. The appendix, written by
V. Dotsenko, contains a general result onmodels of operads obtained by homological
perturbationwhich we use in the particular case of the homotopy associative and the
homotopy Poisson operad.
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Notation and conventions. We work over a field of characteristic zero, which we
write k. We assume the reader is familiar with the theory of algebraic operads, as
presented, for example, in [23], with the elements of model theory, as presented, for
example, in [19], and with the basic tools of homological algebra. Whenever a new
definition is provided, it will appear in boldfaced italics.
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1 The derived PBWproperty
For convenience, we remind the reader of the language of [11]. Let us fix a symmet-
ric monoidal category C that can be either of Vectk, the category of graded vector
spaces, Chk, the category of complexes over k, ΣMod, the category of Σ-modules un-
der the Cauchy tensor product or ChΣ, the category of dg Σ-modules under the same
product. We say amap of operads f :P −!Q overC satisfies the Poincaré-Birkhoff-
Witt property if there is an endofunctor T : C−! C so that universal enveloping al-
gebra functor f ! is naturally isomorphic to T with respect to P-algebramaps. In other
words, we demand that f ! depend only on the underlying object of that algebra in C,
but not on the operations of that particular P-algebra. With this at hand, the main
result of [11] is the following (we refer the reader to [17] for details on operads and
their modules):
Theorem. The map f : P −! Q satisfies the Poincaré-Birkhoff-Witt property if and
only if Q is a free right P-module. Moreover, in this case, if T is a basis for Q as a right
P-module, then f ! is isomorphic to T , naturally with respect to P-algebra maps. Î
The new formalism we propose for dg operads is as follows. Fix a dg operad P . We
say a right dg P-module X is almost-free if it admits a bounded below exhaustive
filtration so that its associated graded module is chain equivalent to a free right P-
module on a basis of cycles. A morphism of dg operads f : P −! Q is almost-free
if Q is an almost-free right P-module. Note that for every dg module X we have a
corresponding right HP-module HX , where H is the homology functor. It follows
that we have both a left adjoint f ! to the restriction functor f ∗ : QAlg−! PAlg and a
left adjoint (H f )! to the restriction functor (H f )∗ : HQAlg−! HPAlg. In this way, we
obtain two functors
H ◦ f ! : PAlg−! HQAlg, (H f )! ◦H : PAlg−! HQAlg
and a natural transformation F : (H f )!◦H −!H ◦ f !. Themap f is derived Poincaré–
Birkhoff–Witt if F is a natural isomorphism. Our main result is the following:
Theorem 1.1. Every morphism that is almost-free is derived PBW. Moreover, if T is
a basis of cycles for such a morphism, the homology H f ! of its universal envelope is
naturally isomorphic to TH as a functor of algebras on its domain to algebras over the
homology of its codomain.
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Thus, in the same way that a classical PBW theorem gives an amenable description
of universal enveloping algebra dependent only on the underlying object of the input,
a derived PBW theorem gives us an amenable description of the homology of the
universal enveloping algebra dependent only on the homology of the input.
Proof. We split our proof into three steps. Our main tool is a classical spectral se-
quence argument.
Step 1. Suppose that Q is in fact P-free on a basis of cycles, so that Q = T ◦ P
with dT = 0. Since T has trivial differential, the Künneth theorem for the circle
product gives a natural isomorphism HQ −! T ◦HP , and shows that HQ is a free
right HP-module. Moreover, for every left P-module X , we have natural isomorph-
ismsH( f !(X ))=H(Q ◦P X )−!H(T ◦X )−! T ◦HX . We also have natural isomorph-
isms T ◦HX −! T ◦HP ◦HP X −! HQ ◦HP HX = (H f )!(HX ), which gives what we
wanted: the natural map FX : (H f )!(HX )−! H( f !(X )) is a natural isomorphism, so
that f is derived PBW in this case.
Step 2. Let us consider now the situation where we have an almost-free filtration F
on Q , and consider the induced filtration on f !(X ). Linearity on the left of the com-
posite product gives us that grF ( f !(X )) is of the formT ◦X where T has trivial differen-
tial, so that the domain of the E1-page of the maps of spectral sequences converging
to FX : (H f )!(H(X ))−! H( f !(X )) looks like T ◦HP . The arguments above now show
that the induced morphism at the E1-page is an isomorphism.
Step 3. To conclude, let us suppose that we have a filtration on Q such that gr(Q)
is chain equivalent to a free right P-module Q ′. Arguing as before, we have a map
of spectral sequences converging to FX : (H f !)(HX ) −! H( f !(X )) with E0 equal to
(grQ) ◦P X , and a map (grQ) ◦P T −! Q ′ ◦P X = T ◦ X . Since the circle product is
left linear, this map is still a chain equivalence, and thus induces an isomorphism on
homology.
The last claim is already part of the content of themain result in [11]. This concludes
the proof of the theorem. Î
We point out that the work of V. Hinich [12, Section 4.6.3] proves that universal en-
velopes preserve acyclic cofibrations between algebras: a derived PBW theorem ex-
tends this to arbitrary weak equivalences.
Corollary 1.1. If f :P −!Q is derived PBW, then f ! preserves weak equivalences. Î
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It is worth pointing out that the PBW theorem of V. Dotsenko and the second author
in [11] already implies the following classical result, since therewe show that themap
of operads H f : Lie−!Ass is free and thus PBW in the classical sense.
Corollary. Let g be a dg Lie algebra. Then the natural map UH(g) −! HU (g) is an
isomorphism of algebras, so that a map of dg Lie algebras is a quasi-isomorphism if
and only if the map on universal envelopes is one. Î
Relation to a theorem of Adams. It is interesting to point out that in [1] (see also [4,
Chapter 9]), the author shows that if f : Λ −! Γ is an inclusion of Hopf algebras
and Λ is central in Γ, then BΓ admits a filtration whose graded coalgebra is chain
equivalent to (BΛ⊗BΩ,d ⊗1), so that B f is almost-free according to our definition.
In fact, this result was the main inspiration for our definition of almost-free morph-
isms. We remark that in the context of differential graded homological algebra, the
objects which posses useful homological properties and replace, in a way, the free
objects of the classical theory, are sometimes called “semi-free modules”. We chose
not to use this terminology to avoid any kind of confusion. It is useful to note that one
can just assume that Γ is Λ-free along with the fact that Λ is central to deduce this.
Hence, Adams’ result states precisely that, under this last extra hypothesis, B pre-
serves almost-free maps. Having appropriate hypotheses and a similar result for Ω,
one would obtain results relating classical PBW maps of operads, as defined in [11],
to derived PBW maps between cofibrant replacements. We intend to pursue these
ideas in the future.
2 Applications
In this section we prove the derived version of the classical PBW theorem, which
we then use to deduce results of V. Baranosvky and J. M. Moreno-Fernández, both
who constructed universal envelopes for L∞-algebras, and answer in the positive a
conjecture ofMoreno-Fernández regarding the universal envelope construction con-
sidered by Lada–Markl in [21]. Observe that the motto of [11] that “the universal en-
velope of g is independent of the Lie algebra structure of g” is now replaced by “the
homology of the universal envelope of g is independent of the homotopy Lie algebra
structure of g”. Since all three constructions have their particular intricacies, let us
begin by recalling the essential definitions of the respective universal envelopes for
L∞-algebras.
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The universal envelope as a left adjoint. Let us recall the work of Lada–Markl [21]
that generalizes the well-known fact the antisymmetrization of the product of an as-
sociative algebra yields a Lie algebra. In [21], the authors show that if A is an A∞-
algebra with higher products (m1,m2,m3, . . .) and if we set, for each n ∈N,
ln =
∑
σ∈Sn
(−1)σmn ·σ (1)
these maps define on A an L∞-algebra structure. This implies there is a map of op-
erads f : Lie∞ −! Ass∞ defined by ((1)). As in the classical case, it makes sense to
define the universal envelope of an L∞-algebra through the left adjoint f ! of the map
that assigns an A∞-algebra A to the corresponding L∞-algebra f ∗(A), whichwewrite
A◦, following the prescription above: this is the quotient of the free A∞-algebra on g
by the relations imposed by the equation ((1)). We will writeU (g) for f !(g) and call it
the universal enveloping algebra of g; since this universal algebra is given unequi-
vocally by the same formalism that defines the classical universal envelope of dg Lie
algebras, we refrain from giving it any other name. Note that by construction there is
a unit map g−!U (g)◦ which is a strict morphism of L∞-algebras.
The construction of Baranosvky. Let us recall that if g is a dg Lie algebra, there
is a natural quasi-isomorphism of dga algebras q : ΩC (g)−!U (g) which assigns a
generator of theChevalley–Eilenberg complexC (g) to its antisymmetrization inU (g).
Baranosvky [2] shows that there is a contraction of complexesΩC (g′)−! S(g′) where
g
′ is the abelian algebra associated to g. To defineU (g) for the more general class of
L∞-algebras, Baranovsky resorts to a perturbative method, as follows. For such an
algebra g, the key ingredients of his construction are:
the contraction of complexesΩC (g′)−! S(g′),
the resulting contraction of dgc coalgebras BΩC (g′)−! BS(g′).
the fact the differential ofBΩC (g) is a perturbationof the differential ofBΩC (g′).
This two facts imply, together with the homological perturbation lemma, that there
is on BS(g′) a dgc coalgebra structure that is quasi-isomorphic to BΩC (g). In other
words, there is on S(g′) an A∞-algebra structure that is A∞-quasi-isomorphic toΩC (g).
Moreover, Baranosvky shows the PBW inclusion g −! S(g)◦ is a strict map of L∞-
algebras. We call this the Baranosvky universal enveloping algebra of g. Note that
ΩC (g) has the same homotopy type asU (g), so it makes sense to focus on this object
to elucidate a universal enveloping algebra, sinceΩC (g) exists for any L∞-algebra.
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The construction of Moreno-Fernández. The approach of Moreno-Fernández [24]
is slightly different from that of Baranovsky, but is also perturbative in nature. Let us
take a dg Lie algebra g, and assume we have a contraction of complexes from g onto
H(g). The homotopy transfer theorem then guarantees there is an L∞-structure on
H(g) which makes H(g) an L∞-algebra L∞-quasi-isomorphic to g. The author then
shows there there is an explicit contraction of complexesU (g)−! S(H(g)) which, by
the homotopy transfer theorem, gives us an A∞-algebra structure on S(H(g)) which
is A∞-quasi-isomorphic toU (g). Moreover, one can arrange it so that the inclusion
H(g)−! S(H(g))◦ is a strict map of L∞-algebras.
We have not explained yet how to define universal envelopes of L∞-algebras, how-
ever; we do it only for minimal algebras. In this case, we can take the dg Lie algebra
LC (g) that comes equipped with an L∞-quasi-isomorphism LC (g)−! g—this is
the so-called rectification theorem, obtained by the bar-cobar construction— so we
can proceed with the prescription of Moreno-Fernández to define on S(g) an A∞-
structure so that the PBW inclusion g−! S(g)◦ is a strictmap of L∞-algebras. We call
this theMoreno-Fernández universal enveloping algebra of g.
2.1 The derived PBW property of themorphism Lie∞−!Ass∞
Theorem 2.1. The morphism f : Lie∞−!Ass∞ is almost-free, so it is derived PBW.
Proof. We begin with recalling from [23, Prop. 9.1.5] that the Loday–Livernet present-
ation of the associative operad is given by a commutative non-associative product
x1x2 and an anti-symmetric Lie bracket [x1,x2] that is a derivation of the product and
satisfies the identity
(x1x2)x3−x1(x2x3)= [x2, [x1,x3]].
Let us consider the weight grading on the space of generators which assigns weight
zero to the Lie bracket andweight one to the product. The associated graded relations
with respect to this filtration are the relations of the Poisson operad, and the under-
lying Σ-modules of Pois and Ass are isomorphic. We are therefore in the situation
where result of Appendix applies: there exists a quasi-free resolution of Ass whose
differential is obtained from dPois∞ by a perturbation that lowers the weight grading.
Moreover, the space of generators of this resolution can be identified with the Koszul
dual cooperad ofPoiswhose underlyingΣ-module is isomorphic to that of the Koszul
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dual cooperad of Ass; therefore, this resolution has to be minimal and isomorphic to
Ass∞. The dg suboperad Lie∞ is in weight filtration zero, so the weight filtration is a
filtration of right Lie∞-modules whose associated graded operad is Pois∞.
To complete the proof, we will show that there is a chain homotopy equivalence
of right Lie∞-modules pi : Pois∞ −! Com ◦Lie∞. For this, we use the language of
distributive laws between operads [23, Sec. 8.6.3]. The distributive law λ that gives
rise to the isomorphism Pois = Com∨λ Lie can be enhanced to a distributive law λ
′
between the operadsCom and Lie∞, for which all higher brackets are derivationswith
respect to the commutative product; there is a surjective quasi-isomorphismCom∨λ′
Lie∞!Com∨λLie=Pois. Hence, we get a surjective quasi-isomorphism
Pois∞−!Com◦Lie∞ =Com∨λ′ Lie∞.
Since we are working over a field of characteristic zero, we can produce a map i :
Com −! Com∞ such that pi = 1, where p is the projection onto homology. This
then gives us a map j :Com◦Lie∞−!Pois∞ by composing with the composition of
Pois∞, and thismap is a section ofpi. SincePois∞ is free as an operad, and since we’re
working over a field of characteristic zero, we can produce an equivariant contracting
homotopy h for jpi. This completes the proof that Lie∞−!Ass∞ is almost-free and,
by Theorem 1.1, it is derived PBW. Î
The algebras over the operad Com∨λ′ Lie∞ used in the proof are sometimes called
homotopy Poisson algebras or P∞-algebras in the literature, even though this operad
is not cofibrant. These have been considered by A. S. Cattaneo and G. Felder, and
independently by T. Voronov, and are related to the theory of Lie and Courant al-
gebroids, and Poissonmanifolds, see [7,13,15] for example.
2.2 Quillen theorem for L∞-algebras
We recall that if g is an L∞-algebra, the bar construction on g is the commutative dgc
coalgebraC (g) with underlying coalgebra Sc(sg), the free commutative coalgebra on
the suspension of g, and with differential d :C (g)−!C (g) induced from the higher
brackets of g; the higher Jacobi identities for these higher brackets are equivalent to
the single equationd2 = 0. Wewrite x1∧·· ·∧xt a generic element fromC (g), omitting
the suspensions signs for ease of notation. Observe this element is simply the anti-
symmetrization of the corresponding elementary tensor sx1⊗·· ·⊗ sxt in T c(sg).
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Similarly, if A is an A∞-algebra, the bar construction on A is the dgc coalgebra BA
with underlying coalgebra T c(sA), the free coalgebra on the suspension of A, and
with differential d : BA −! BA induced from the higher products of A; the Stasheff
identitis for these higher products are equivalnt to the single equation d2. We write
a [x1| · · · |xt ] a generic element of BA. Observe that we can apply both constructions,
in particular, to dg Lie algebras and dga algebras, of course. Finally, if C is a dgc
coalgebra, the cobar constuction onC is the dga algebraΩC with underlying algebra
T (s−1C ), the free algebra on the desuspension of C , with differential induced from
the comultiplication and differential of C . Concretely, it is the unique derivation of
ΩC that extends the map s−1C −!ΩC such that d(s−1c)= s−1dc− s−1⊗ s−1∆c.
Let us recall from [14] that for a dg-Lie algebra (g,d) there is a quasi-isomorphism
q : C (g) −! BU (g) where the left hand side is the Quillen construction on g (that
coincides with the Chevalley-Eilenberg complex of g) and the right hand side is the
associative bar construction on the universal envelope of g. We reminder the reader
that q is determined uniquely by a map τ :C (g)−!U (g), which we call the twisting
cochain associated to q. That this be a twisting cochain is equivalent to the Maurer–
Cartan equation dτ+τ⋆τ= 0. Here, the star product of the convolution dga algebra
A = hom(C (g),U (g)) is defined by ⋆=µ(−⊗−)∆.
We also remind the reader that τ simply sends a generator sg ∈ sg to the class of
its desuspension inU (g). The following theorem extends this picture to the case of
L∞-algebras—we will observe below τ also defines a twistingmorphism in this more
general setting. In this case, theMaurer–Cartan equation is replaced by a higher ana-
log: sinceU (g) is now an A∞-algebra, the convolution algebra above is in fact again
an A∞-algebra, so that for each t ∈ N and each f1, . . . , f t ∈ A, we have higher multi-
plications defined bymt ( f1, · · · , f t )=µt ( f1⊗·· ·⊗ f t )∆(t ). TheMaurer–Cartan equation
incorporates these higher products and now reads:
dτ+
∑
tÊ2
µt (τ, . . . ,τ)= 0.
It is useful to remember this conditions simply codifies, with the least amount of in-
formation possible, the fact that the corresponding map C (g) −! BU (g) is one of
dgc coalgebras, and that this assignment defines a bijection between dgc coalgebra
maps C (g)−! BU (g) and twisting cochains C (g)−!U (g). For details, we refer the
reader to the book [23].
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Before stating the result, we recall that the category of dgc coalgebrasCog is amodel
categorywhere the cofibrations are the degree-wisemonomorphisms, theweak equi-
valences are the quasi-isomorphisms and cofibrations satisfy the right lifting prop-
erty with respect to acyclic fibrations; all objects are cofibrant, and the fibrant dgc
coalgebras are the quasi-free ones, see [25]. A map of coalgebras is a weak equival-
ence if and only if its image under the cobar construction is a quasi-isomorphism of
dga algebras. This class is strictly contained in the class of quasi-isomorphisms.
Theorem 2.2. For any L∞-algebra g the map q : C (g) −! BU (g) corresponding to
the twisting cochain C (g)−!U (g) that assigns a generator sg ∈ C (g) the class of its
desuspension is an acyclic cofibration of coalgebras. If g is minimal, then there are
acyclic cofibrations of the form C (g)−! BS(g).
Proof. Let us begin by observing that the Maurer–Cartan equation for τ is simply a
restatement that the higher products inU (g) antisymmetrize to the higher brackets
of g. Indeed, for a generator x = x1∧·· ·∧xt in the domain, we have that τdx is equal
to the higher bracket [x1, · · · ,xt ], up to signs, while the only non-zero term involving
higher products of τ involves∆(t )(x). This is just the signed sumoverσ ∈ St ofσx, and
thenmt (τ, . . . ,τ)(x) is precisely the antisymmetrized higher product of x1⊗·· ·⊗xt .
To see that q is a weak equivalence one can show that ΩC (g) −! S(g) is one. To
do this, one can argue as in [2, Theorem 3], or note that there is a morphism of A∞-
algebras BU (g) −! BS(g), where the right hand side is Baranovsky’s universal en-
velope, that is a quasi-isomorphism. Indeed, the map H(U (g)) −! S(g) is an auto-
morphism of the enveloping associative algebra of (g, l2). This implies that Ωq is a
quasi-isomorphism, since εU (g) : ΩBU (g)−!U (g) is one, and ΩC (g)−!U (g) is a
quasi-isomorphism that factors as εU (g)Ωq. Î
We write A¡ for the homology of BA and, for an L∞-algebra g, we write g
¡ for the
homology of C (g). An immediate corollary of the previous theorem is the following;
all claims follow from the general theory of twisting cochains; see [2, Theorem 2].
Corollary 2.1. Let g be a minimal L∞-algebra. Then
(1) the twisted complex C (g)⊗τ S(g) is quasi-isomorphic to k[0],
(2) we have an isomorphism g
¡
−! S(g)! of minimal A∞-coalgebras,
(3) the categories of g-modules andU (g)-modules are equivalent and,
(4) the functors ? ⊗τ S(g) :D(C (g))⇆D(S(g)) : ? ⊗τC (g) are mutually
inverse derived equivalences. Î
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2.3 The universal envelope as a functor on the homotopy category
Suppose that f :C (g)−!C (g′) is an L∞-morphism. The coalgebra BU (g) is fibrant
and the Quillen map of g′ is an acyclic cofibration, so we can produce a lift U ( f ) :
BU (g)−! BU (g′). The following lemma implies this assignment has good homotop-
ical properties; in particular, it is well defined up to homotopy.
Lemma 2.1. Let ϕ,ϕ′ : BU (g)−! BU (g′) be such that ϕq =ϕ′q = q ′ f . Then ϕ≃ϕ′ as
maps of dgc coalgebras. In particular, for a second map g : C (g′)−!C (g′′), we have
thatU (g )U ( f )≃U (g f ) for any choice of lifts of f , g and g f .
Proof. The reader can consult [19, Sections 1.1-1.2] for details on the elements of
model categories used in this proof. We remind the reader Cog is the model category
of coalgebras where the cofibrations are the injections and the weak equivalences are
created by the cobar functor.
The map q is a weak equivalence between cofibrant objects and BU (g′) is fibrant. It
follows from Lemma 1.1.12 that we have an induced isomorphism
q∗ :Cog(BU (g),BU (g′))/≃r−!Cog(C (g),BU (g
′))/≃r
Since all objects in Cog are cofibrant and B (−) has image in fibrant objects, we de-
duce from Proposition 1.2.5 (v) that we can replace the right homotopy relation ≃r
unambiguously by the homotopy relation ≃, and finally Theorem 1.2.10 (ii) implies
that this isomorphism identifies naturally with an isomorphism
q∗ : [BU (g),BU (g′)]−! [C (g),BU (g′)]
which implies that if q∗(ϕ)= q∗(ϕ′) then these two maps must be homotopic. Î
With this at hand we have the following result.
Theorem 2.3. The universal envelope preserves weak equivalences of L∞-algebras, so
it descends to a functor on the homotopy category. Moreover, if for a minimal L∞-
algebra gwe identify S(g)with the universal envelope of the Lie algebra (g, l2), then
(1) there exists aminimal A∞-algebra structure on S(g) forwhich the inclusion g−!
S(g)◦ is a strict map of L∞-algebras and, moreover,
(2) any such A∞-structure is A∞-isomorphic to this one, so that the universal envel-
opes of Baranovsky and Moreno-Fernández are A∞-isomorphic and A∞-quasi-
isomorphic toU (g).
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Proof. The claim about weak equivalences is immediate since the Quillen map is a
weak equivalence. The first claim follows from the homotopy transfer theorem, and
the second one follows from the universal property of the enveloping algebra and our
main result. Indeed, suppose that S(g) is endowed with an A∞-algebra structure as
in the statement of the theorem. The strict map of L∞-algebras g−! S(g) gives us an
A∞-quasi-isomorphism BU (g)−! BS(g), for the mapU (g)−! S(g) induces an iso-
morphism of algebras: we have shown that H(U (g)) is naturally identified with the
universal envelope of the Lie algebra (g,b2), and so does S(g) in Baranosvky’s con-
struction. Î
Let us recall that one can rectify every L∞-algebra g to a bona-fide dg Lie algebra.
In this way, one can show that the homotopy category of dg Lie algebras ho(dgLie)
and the category of L∞-algebras up to quasi-isomorphismare equivalent. An analog-
ous result holds for dga algebras. Hence, we can view the universal envelope functor
Lie∞
Alg−! Ass∞Alg as a choice for a representative of the functor that assigns to a dg
Lie algebra its universal envelope. A restatement of our results is the following.
Corollary 2.2. The constructions of Baranovsky, Lada–Markl and Moreno-Fernández
give representatives for the universal envelope functor ho(U ) : ho(dgLie)−! ho(dgAlg).
Moreover, if F : Lie∞Alg−! Ass∞Alg satisfies the conditions:
(1) the A∞-algebra F (g) is minimal whenever the L∞ algebra g is minimal,
(2) the underlying vector space to F (g) is the symmetric algebra S(g) and,
(3) the higher products of F (g) induce the higher brackets on g⊆ S(g),
then F descends to the homotopy category and ho(F )= ho(U ). Î
2.4 Cohomology groups
Recall that if P is an operad and A is a P-algebra, operadic cohomology of A is, by
definition, the cohomology of the complex of P-derivations Der(B ,A) where B is a
cofibrant resolution of A in the model category of P-algebras. This complex is quasi-
isomorphic to the dg Lie algebra Der(B ) of derivations of B to itself. More generally,
the cohomology of A with values in an operadic A-module M is, by definition, the
cohomology of the complex of P-derivationsDer(B ,M) whereM is given a B-module
structure through the map B −! A. We refer the reader to [17,23] for details.
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Let us fix aminimal L∞-algebra g, aminimal A∞-algebra S(g) thatmodelsU (g), and
an acyclic twisting cochain C (g)−! S(g). Observe that then ΩC (g) is a quasi-free
model and hence a cofibrant replacement for S(g), so that the operadic cohomology
H∗
Ass
(S(g)) can be computed through the complex of derivations of the dg-algebra
ΩC (g) with values in S(g). This receives a map from the complex of derivations
Der(ΩC (g),g) through the strict map of L∞-algebras g−! S(g). We then obtain the
following result, which is expected.
Theorem 2.4. The maps above induce an isomorphism H∗
Ass
(S(g)) −! H∗
Lie
(g,S(g))
and an injection H∗
Lie
(g)−!H∗
Lie
(g,S(g)) in operadic cohomology groups. Î
2.5 Derived PBW theorems for associative envelopes
To each symmetric operad P one can assign an associative universal enveloping
functor UP : PAlg −! Alg from the category of P-algebras to the category of asso-
ciative algebras, see [18] and [20, Section 1] for details. The associative algebraUP (V )
associated with a P-algebraV satisfies the universal property that the category of left
UP (V )-modules is equivalent to the category of left modules over a P-algebraV . The
first author explains in detail in [20, Section 1.2] that one can also interpret this as-
sociative universal envelope as a left adjoint to a restriction functor, so that one may
study it using the formalism of [11].
Indeed, the universal enveloping functorUP is obtained from the left adjoint f ! cor-
responding to the restriction functor for themapof colored operads f : (P,k)! (P,∂P ).
Here (P,k) is the two-colored operad that governs pairs of the form (V ,M) where V is
a P-algebra andM is a vector space, while (P,∂P ) is the two-colored operad that gov-
erns pairs of the form (V ,M) where V is a P-algebra andM is a left V -module. Recall
that ∂P is the derivative of the symmetric sequence P , and it is obtained from P by
adding an extra color to the output and one of the inputs of each operation in P . With
this at hand, one can check that f !(V ,k)= (V ,UP (V )).
The fact thatUP (V ) is an associative algebra (and not merely a vector space) comes
from an additional structure on ∂P : although this collection is no longer an operad in
an obvious way, it is a twisted associative algebra—that is, an associative algebra for
the Cauchy product in symmetric sequences—where the product is given by grating
the root on the unique new colored input. In this wayUP (V ) inherits an associative
algebra structure, and one can check that the datum of a leftUP (V )-modules is the
same as that of a left V -module.
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The first author has shown in [20] that the functor UP (−) satisfies the PBW prop-
erty whenever P admits a Gröbner basis whose leading monomials are given by left
combs. Recall that a shuffle monomial is called a left comb if and only if all its inner
vertices belong to the leftmost branch of a shuffle tree, that is, the path connecting
the first input and the output. Another criterion was proposed in [20] in case P is a
Koszul operad:
the functor UP satisfies the PBW property if and only if the twisted
associative algebra ∂P ! is quadratic, Koszul and generated by ∂X as a
twisted associative algebra.
Here X is the generating symmetric sequence of the symmetric operad P . We claim
that the same conditions are sufficient in the derived setting; we still assume that P
is Koszul.
Theorem 2.5. If the associative universal envelopeUP satisfies the PBW property then
the corresponding derived associative universal envelopeUP∞ satisfies the derived PBW
property. In particular, if an operad P admits a quadratic Gröbner basis whose leading
monomials are given by left combs then the universal enveloping functorUP∞ satisfies
derived PBW.
Proof. Let P∞ :=ΩP
¡
be the minimal cofibrant model of P generated by the Koszul-
dual cooperad P ¡ and denote by (∂P ¡)¡
Tw-As
the twisted associative algebra that is
Koszul dual to the twisted associative algebra ∂P
¡
. One of the main observations
in [20] is the commutation of the coloring procedure P 7! ∂P and cobar construc-
tions. So that there is a natural isomorphism ∂(ΩP ¡)−!Ω(∂P ¡). Each element of a
(colored) cobar construction of a (colored) (co)operad is represented by a (colored)
operadic tree T . The colored cobar construction of the colored operad ∂P admits the
PBW-filtration given by the number of edges connecting the branch colored in a new
color and the remaining part of an operadic tree T . The associated graded complex
is quasi-isomorphic to the composition
ΩTw-As(∂P
¡
)◦ΩP
¡
≃ΩTw-As(∂P
¡
)◦P∞.
As shown in [20] the Koszulness of the twisted associative algebra ∂P ! is a necessary
condition forUP to satisfy the ordinary PBW criterion. Hence the PBW property for
UP implies the existence of a chain equivalence s : (∂P
¡)¡
Tw-As
!ΩTw-As(∂P
¡), which
shows themap ∂P∞ is almost-free, and finishes our proof of the theorem. Î
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An interesting consequence of the above “PBW-rigidity” phenomenon for associ-
ative universal envelopes is the following result, which shows that to compute the
derived associative universal envelope of a P-algebra, one may only resolve only one
variable in the functorUP (−).
Corollary 2.3. Let P be Koszul. Given a P∞-algebra A and a dg P-model B of A, the
corresponding associative universal envelopes are quasi-isomorphic, namely, there is
always a quasi-isomorphismUP (B )−!UP∞(A) of dga algebras. Î
3 Further directions
3.1 Derived universal envelopes
Let us fix a map f : P −!Q of dg operads over a field k. Although we focused on P-
algebras—left P-modules concentrated in arity 0—, the universal envelope defines a
map f ! : PMod−!Chk, which is given explicitly by f !(X )=Q ◦P X . According to [17],
the categoryModP of right P-modules admits a cofibrantly generated model struc-
ture where fibrations and weak-equivalences are defined point-wise. In particular,
we can consider a cofibrant replacementQ∗ ofQ , for example, the two sided bar con-
structionB (Q ,P,P ), and define L f !(X )=Q∗◦P X , which gives us the object TorP (Q ,X ).
Following the procedure of [4, Chapter 7], we can produce a Eilenberg–Moore type
spectral sequence which gives a fine tool to study derived PBW phenomena; our ar-
guments essentially consider the situation when there is an immediate collapse of
this sequence due to Q begin almost-free. It would be interesting to consider situ-
ations where certain restrictions onQ , other than almost-freeness, allow us to obtain
derived PBW theorems.
3.2 Duflo-type results for higher centres
Although the canonical map α : S(g) −! U (g) is not a map of algebras (since the
source is commutative, but the target is not), we can consider the adjoint action of
g on both spaces. It is well known that the map above is then one of g-modules and
thus induces a map αg : S(g)g −!U (g)g, where U (g)g is just the center of U (g), a
commutative algebra. Thismap is, however, not an isomorphismof algebras either. A
remarkable result ofM.Duflo shows that one can construct from this an isomorphism
18 DERIVED PBW THEOREMS
of algebras
αg ◦ J1/2 : S(g)g−!U (g)g,
known as the Duflo isomorphism, through a suitable (and quite involved) modifica-
tion of thismap through an automorphism J of S(g). In fact, M. Pevzner andC. Toros-
sian proved that theDuflo isomorphism is part of an isomorphismof Lie cohomology
groups
H∗(g,S(g))−!H∗(g,U (g))
induced from a quasi-isomorphism C∗(g,S(g))−! C∗(g,U (g)) between the corres-
ponding Chevalley–Eilenberg complexes, following insight ofM. Kontsevich. We refer
the reader to [6] for details and useful references. In [5] the authors define the ∞-
centre of a minimal A∞-algebra, which can be used, for example, to describe the
image of the “wrong way” map
H∗+d (LX )−!H∗(ΩX )
onto the Pontryagin algebra of a simply connected smooth oriented d-manifold X :
the image of this map is precisely the∞-centre of H∗(ΩX ). In particular we can con-
sider, for any minimal L∞-algebra, the ∞-centre Z∞S(g), which is a commutative
algebra. It would be interesting to understand this higher centre and explore the pos-
siblity of extending the results of Duflo and Pevzner–Torossian to this setting.
A Models of operads via homological perturbation1
This section records an instance of a general homological perturbation argument
which allows one to obtain, in a range of cases, a resolution of a filtered object from
the one of its associated graded object. A similar argument for a perturbative con-
struction of a resolution of a shuffle operad with a Gröbner basis is featured in [9,
Th. 4.1]. We keep the assumption on the characteristic of the ground field.
Let us consider a (non-dg) symmetric operad Q = T (X )/(R) generated by a finite
dimensional Σ-module X concentrated in arities greater than one, subject to a finite
dimensional space of relations R. Suppose that the Σ-module X is equipped with a
1by Vladimir Dotsenko
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non-negative weight grading,
X =
⊕
n≥0
X(n).
This weight grading gives rise to a weight grading of the free operadT (X ), and hence
an increasing filtrationF •T (X ) such thatF kT (X ) is spannedby all elements ofweight
at most k. This filtration gives rise to a filtration on each Σ-submodule of T (X ). In
particular, we may consider the operad P =T (X )/(grFR). In general, there is an iso-
morphism of Σ-modules betweenQ and grFQ = grFT (X )/grF (R), and a surjection of
Σ-modules from P ontoQ .
Theorem. Suppose that the underlying Σ-modules of the operads P and Q are iso-
morphic. Consider the minimal quasi-free resolution P∞ −! P in the category of
weight graded operads. There exists a quasi-free resolution Q∞ −! Q whose under-
lying free operad is the same and the differential is obtained from the differential of P∞
by a perturbation that lowers the weight grading.
Proof. Assume that P∞ is of the form (T (W ),d), where W is an Σ-module that is
bi-graded, by weight and by homological degree. We shall prove that there exists a
quasi-free resolutionQ∞= (T (W ),d+d ′) ofQ so that d ′ is strictly weight decreasing.
Since the resolution P∞ = (T (W ),d) is minimal, it follows in particular that W0 =
X , W1 = ks ⊗ grFR. The operad T (W ) can be mapped to both the operad P and
the operad Q : one may project it onto its part of homological degree 0, the latter is
isomorphic to the free operadT (X ) which admits obvious projectionmaps to P and
to Q . Let us choose splittings for those projections; this amounts to exhibiting two
idempotent endomorphisms p¯i and pi of T (W ) such that both of which annihilate
all elements of positive homological degree, and such that the former annihilates the
ideal (grFR)⊂T (X )=T (W )0 and the latter annihilates the (R)⊂T (X )=T (W )0.
Since P is finitely generated and has no generators of arity 1, components of the
free operadT (W ) are finite-dimensional, and there exists a weight graded homotopy
h : T (W )−!T (W ) such that h2 = 0 and [d ,h]= 1− p¯i.
We are going to define a derivation D : T (W ) −! T (W ) of degree −1 and a con-
tracting homotopy H : ker(D)! T (W ) of degree +1. Note that a derivation is fully
determined by the images of generators, and that D |W0 = 0 since T (W ) has no ele-
ments of negative homological degree. For each element x of T (W ) of a certain ho-
mological degree, we call the “leading term” of x the homogeneous part of x of max-
imal possible weight grading; we denote it by x̂.
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We shall prove by induction on k that one can define the values of D on generators
of homological degree k+1 and the values ofH on elements of ker(D) of homological
degree k so that the following five conditions hold:
(1) for all elements x ∈ T (W ), the leading term of the difference D(x)−d(x) is of
weight lower than that of x,
(2) we have D2= 0 on generators of homological degree k+1,
(3) the leading term of the difference H(x)−h(x̂ ) is of weight lower than that of x,
(4) we have DH = 1−pi on elements of ker(D) of homological degree k.
As a basis of induction, we shall choose a basis ofW1 = ks⊗grFR, and setD(s⊗r
′)= r
where r is some element of R for which r̂ = r ′. We note thatD(sr ′)−d(sr ′)= r −r ′ has
smaller weight than r ′, so Condition (1) is satisfied. Condition (2) is satisfied for de-
gree reasons, as there are no elements of negative homological degree. Condition (1)
together with the fact that p¯i = pi on elements of weight zero implies that the leading
term ofDh(x̂) is
dh(x̂)= (1− p¯i)(x̂)= (1−pi)(x̂)= x̂−pi(x̂),
and so we may define H on elements of homological degree zero by induction on
weight as follows. On elements x of weight zero, we putH(x)= h(x), and on elements
x of positive weight, we put
H(x)= h(x̂)+H(x−pi(x)−Dh(x̂ )).
Both Condition (3) and Condition (4) are proved by induction on weight. For former
one, the inductive argument is almost trivial; we shall show how to prove the latter.
On elements of weight zero, we have H(x)= h(x) and p¯i=pi, so Condition (4) is true:
DH(x)= dh(x)= [d ,h](x) = (1− p¯i)(x)= (1−pi)(x).
For elements of positive weight, we have, by induction,
DH(x)=Dh(x̂)+DH(x−pi(x)−Dh(x̂ ))
=Dh(x̂)+ (1−pi)((1−pi)x−Dh(x̂ ))
= (1−pi)2(x)+pi(Dh(x̂))
= (1−pi)(x),
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sincepi vanishes on the image ofD = (R) and 1−pi is a projector. To carry the inductive
step, we proceed in a similar way. To define the image under D of a generator of
homological degree k+1> 1, we putD(x)= d(x)−HDd(x). Condition (1) now easily
follows by induction. For Condition (2), we note that
D2(x)=D(d(x)−HDd(x))
=Dd(x)−DH(Dd(x))
=Dd(x)− (1−pi)Dd(x) =pi(Dd(x))= 0,
since Dd(x) ∈ ker(D), and pi vanishes on the image of D . From that, we see that
whenever x ∈ ker(D), we have x −Dh(x̂) ∈ ker(D). Using Condition (1) and the fact
that p¯i vanishes on elements of positive homological degree, we see that the leading
term of Dh(x̂) is dh(x̂) = (1− p¯i)(x̂) = x̂, so the leading term of x −Dh(x̂) is of weight
lower than that of x. Consequently, wemay define H on elements of ker(D) of homo-
logical degree k > 0 by the same inductive argument: on elements x of weight zero,
we put H(x)= h(x), and on elements x of positive weight, we put
H(x)= h(x̂)+H(x−Dh(x̂)).
Once again, a simple inductive argument shows that Conditions (3) and (4) are satis-
fied, which completes the construction ofD and H .
We conclude that D makes T (W ) a dg operad, that the homology of that operad is
isomorphic toQ , and that differential D is obtained from d by a perturbation d ′ that
lowers the weight grading, as required. Î
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